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ABSTRACT

This research explores the behavior of a
three-dimensional autonomous nonlinear
system featuring both quadratic and bilinear
interaction terms. The system is developed as
an extension of the SE8 model proposed by
Molaie et al., with modifications that
introduce additional nonlinearities through
the inclusion of x2 and y? components in the
third equation. Although the system has a
single equilibrium point and a relatively
simple structure, it displays a wide range of
complex dynamical phenomena, such as
bifurcations, multistability, and chaotic
attractors. To analyze these dynamics,
equilibrium points are identified and their
local stability is examined using Jacobian
matrix linearization, revealing how changes
in parameter values can lead to different
stability outcomes. A thorough bifurcation
study is conducted, focusing especially on
the emergence of Hopf bifurcations. The
theoretical results are validated through
numerical simulations, which include
bifurcation diagrams, Lyapunov exponent
analysis, and phase portraits that depict the
system's transition to chaos and its sensitivity
to initial conditions.

Keywords: Nonlinear Dynamical Systems,
Quadratic Coupling, Bifurcation Analysis,
Chaos Theory, Lyapunov Exponents.

INTRODUCTION

Research on nonlinear dynamical systems
has played a fundamental role in revealing
the intricacies of time-dependent behaviors
found in disciplines such as physics
[1][2][3], engineering [4][5][6], biology
[7][8][9], and economics [10][11][12]. In
particular, low-dimensional autonomous
systems—especially those incorporating
quadratic or bilinear nonlinearities—have
proven to be highly effective frameworks for
investigating dynamic phenomena like
bifurcations, chaotic motion, and multistable
states. Although these systems are relatively
simple from a mathematical standpoint, they
are capable of producing a wide variety of
complex behaviors, including periodic
oscillations, strange attractors, and shifts
between different stability conditions.
Quadratic nonlinear systems have garnered
significant interest due to their capacity to
capture complex dynamical behavior while
still allowing for analytical treatment. Recent
studies have shown that even the simplest
quadratic models can produce elaborate
bifurcation patterns and chaotic dynamics.
For example, [13] found that a three-
dimensional system composed solely of
quadratic terms can give rise to diverse
chaotic behaviors, including multistability
and extreme sensitivity to initial conditions.
In a related study, [14] explored a discrete
version of a quadratic map and identified the
presence of hyperchaotic attractors—
characterized by three positive Lyapunov
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exponents—further emphasizing the depth
and richness of dynamics that such systems
can exhibit.
In this study, we examine an extended
version of the SE8 system, which was
initially introduced by Molaie, Jafari, Sprott,
and Hashemi Golpayegani [15] is recognized
for exhibiting chaotic dynamics even with
only a single equilibrium point. The modified
system builds upon the original SES8
framework by adding further quadratic
coupling terms into the third differential
equation, notably through the inclusion of
both x? and y? components. The governing
equations of the model are formulated as
follows:

x=y

y=—-x+yz

z=—-z+ax’+y*+b
where x(t),y(t),z(t) € R represent the
system’s state variables as functions of time,
and a, b € R are real-valued parameters that
govern the intensity of the system’s internal
nonlinear interactions and the magnitude of
external forcing, respectively.
The system retains key characteristics
commonly found in dissipative nonlinear
systems: it is autonomous, incorporates
energy input through self-excitation terms
ax? + y?, and exhibits energy dissipation
through the linear damping term —z. The
presence of the bilinear term yz in the second
equation introduces a nonlinear feedback
loop that significantly influences the
system’s stability and its long-term
dynamical behavior. Despite its structural
simplicity, the system displays complex
dynamics, making it an effective model for
investigating bifurcation processes and the
onset of chaotic behavior.
This study is guided by three main
objectives. First, we seek to identify the
equilibrium points of the nonlinear
dynamical system under consideration and
evaluate their local stability by applying
Jacobian matrix linearization. This step is
crucial for understanding the system’s
foundational structure and the behavior of
small perturbations in the wvicinity of
equilibrium. Second, we analyze how

variations in the parameters a and b
influence the system's qualitative dynamics,
with a focus on detecting and analyzing Hopf
bifurcations, which often mark the transition
to oscillatory or chaotic motion. Third, we
conduct extensive numerical simulations to
examine the emergence of complex attractors
and chaotic dynamics. These analyses are
reinforced through the construction of
bifurcation diagrams and the calculation of
Lyapunov exponents, offering a thorough

perspective on the system’s long-term
behavior and its sensitivity to initial
conditions.

MATHEMATICAL MODEL

We examine a three-dimensional nonlinear
dynamical system characterized by quadratic
interactions as follows:

x=y

y=—-x+yz

z=-z—07x>+y%—a
Where x(t),y(t),z(t) € R represents the
system states as a function of time , and a €
R are real-valued parameters that govern the
intensity of nonlinear feedback and external
forcing, respectively.
This system represents a generalized version
of the SES8 system, initially introduced by
Molaie, Jafari, Sprott, and Hashemi
Golpayegani in their classification of simple
chaotic flows characterized by a single stable
equilibrium (1). The generalization entails
extending the quadratic structure in the third
equation to encompass both x2 and y?, while
maintaining the essential nonlinear and
dissipative properties that facilitate complex
dynamical behaviour, including bifurcations
and chaos.
The system exhibits several notable features.
It is characterized by autonomy and
nonlinearity, incorporating both quadratic
and bilinear terms. The first equation is
linear, serving as a bridge between x and y.
The second equation introduces a bilinear
interaction term yz, which contributes to
nonlinearity  through state-dependent
feedback. The third equation integrates
damping trough the linear term z, external
forcing through the constant a, and self-
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excitation via the quadratic terms —0.7x?
and y2.

The parameters a play essential role in
determining the system’s qualitative
behavior. By varying these parameters, we
will explore the equilibrium structure,
stability, and bifurcation phenomena of the
system in subsequent sections.

EQUILIBRIUM POINTS AND LOCAL
STABILITY

To comprehend the qualitative behaviour of
a dynamic system, it is essential to first
identify its equilibrium points and assess
their local stability. In this section, we
systematically ascertain the equilibrium
points of the system and evaluate their
stability through linearization and eigenvalue
analysis.

Determine of Equilibrium Points
The equilibrium points were obtained by
setting the right-hand side of the system to
Zero.
x=y=0
y=—x+yz=0
z=—-z-0.7x>+y%—a

From the first equation, we have
y=0
Substituting this into the second equation
yields
—-x=0=>x=0
Substituting x = 0 and y = 0 into the third
equation gives:
—z—0.7(002+(0)2-b=0=>z=—a
Hence, the system has a unique equilibrium
point at
E =(0,0,—a)
This single equilibrium is structurally
simple, yet dynamically rich, as shown
through stability and bifurcation analysis.

Linearization via the Jacobian Matrix

To study the local behaviour near the
equilibrium, we linearize the system using
the Jacobian matrix. The Jacobian of the
system is

0 1 0
](x,y,z):( -1 z y)
—-14x 2y -1

Evaluating this at the equilibrium point E =
(0,0, b) we obtain

0 1 0
](0,0,—61) = <_1 —a 0 >
0 0 -1

This is a block-triangular matrix that allows
us to easily find the eigenvalues by
computing the characteristic polynomial:
_ =4 1
det( - =Q+1-|77 , |
=A+DA*+ar+1)
Thus, the eigenvalues are
Mo=—1, Ays= —atvat-4 “2‘12_4.

Stability Classification
The nature of the eigenvalues 4,3 changes
with the value of the parameter a, leading to
different types of stability at the equilibrium
point. The classifications are as follows:
Casel: a < -2
For a < —2 the discriminant a®> —4 > 0,
resulting in two real and distinct eigenvalues.
Since a < 0, it follows that —a > 0, hence
both A, and A; are real positive. With 4, =
—1 and two positive eigenvalues, the
equilibrium point is a saddle focus, and the
system is unstable due to the presence of
divergent trajectories.
Casell: -2 <a<?2

For —2 < a < 2, the discriminant a® — 4 <
0, and the eigenvalues A,3 are complex
conjugates with real part —%. The stability

thus depends on the sign of a. [f 0 < a < 2
then Re(/12,3) < 0, thus the equilibrium is a
stable spiral sink. If —2 <a <0, then
Re(lm) > 0, thus the equilibrium is an
unstable spiral source. If a = 0 then 1,3 =
+i thus the equilibrium is a center and may
lead to a Hopf Bifurcation. This intermediate
region (—2 < a < 2) represents a critical
transition zone where the system may
undergo qualitative changes in stability and
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(¢) a =0.110200
Figure 3.3 Phase portraits of the system for various values of the parameter a.

DISCUSSION AND CONCLUSION

This study has explored the bifurcation
structure and dynamical complexity of a
modified SE8 system, characterized by
quadratic nonlinearities and a single
equilibrium point. By extending the original
SE8 model to include both x?and y?terms in
the third equation, the system exhibits
enhanced nonlinear coupling and a broader
range of dynamical phenomena. Analytical
investigation revealed that the system always
admits a unique equilibrium point atE =
(0,0, —a), whose stability critically depends
on the parameter aaa. Through linearization
and eigenvalue analysis, we identified three
distinct stability regimes: a saddle focus
fora < —2, spiral behavior (sink or source)
for —2 < a < 2, and an unstable node for
a > 2, with a potential Hopf bifurcation
occurring near a = 0.

Numerical simulations supported these
theoretical predictions. Bifurcation diagrams
and Lyapunov exponent calculations
confirmed the onset of chaos through period-
doubling cascades as the control parameter
aaa varied within the range[0,0.17]. Phase
portraits further illustrated the emergence of
strange attractors, highlighting the system’s
sensitivity to initial conditions and parameter
changes. The presence of positive Lyapunov
exponents verified chaotic behavior for
specific values of aaa, particularly in the
vicinity of = 0.117307, where the attractor
becomes fully developed and structurally
complex.

Overall, the results demonstrate that the
generalized SE8 system provides a compact
yet powerful framework for studying
nonlinear phenomena such as bifurcations
and chaos. Its simple structure makes it an
attractive candidate for theoretical analysis
and numerical exploration, while its rich
dynamics position it as a potential
benchmark system for future research on
low-dimensional chaos.
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