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ABSTRACT 

 

Nowadays, integral transforms are widely 

recognized as important techniques for solving 

differential equations. In this work, the 

Kushare transform is applied to obtain 

solutions of linear homogeneous and non-

homogeneous fractional differential equations 

with constant coefficients. The fractional 

derivatives are defined in the Caputo sense. 

Moreover, the Kushare transform serves as an 

efficient and versatile method for dealing with 

different forms of fractional differential 

equations.  

 

Keywords: Kushare Transform, Fractional 

Differential Equations, Integral transforms. 

 

1. INTRODUCTION 

Fractional differential calculus is an important 

area of mathematics with wide-ranging 

applications. Fractional calculus relates to a 

classical standard result from differential and 

integral Calculus. Kushare transform is 

described in various fields. Integral transforms 

have been extensively applied in multiple 

fields, including engineering, control 

engineering, mechanics, science, 

bioengineering, image processing, and 

viscoelasticity. The integral transform was first 

developed by Pierre-Simmon Laplace in 1780. 

Since then, many researchers have established 

a lot of integral transformations of Laplace 

types like Laplace, Sumudu, Elazaki, Kamal, 

Sawi, Snehu, Mahgoub, and Aboodh 

transforms. In recent days, Patil [1, 2] applied 

the Sawi transform for the Bessels function and 

the error function. 

Integral transforms are widely regarded as 

effective mathematical methods for obtaining 

analytical solution of fractional differential 

equations. Laplace, Mellin, Sumudu, Elzaki, 

Kamal, Sawi, Snehu, Mahgoub, and Aboodh 

transforms are commonly employed as 

important mathematical techniques for 

obtaining solutions of fractional differential 

equations [6].  Sachin R. Kushare, D. P. Patil, 

and A. M. Takate introduced the Kushare 

integral transform [3] to solve ordinary 

differential equations. Lately, D. P. Patil and S. 

L. Kandalkar, N. D. Gatkal, [4] used the 

Kushare Transform to solve the system of 

ordinary differential equations of the first order 

and first degree. D.P. Patil, P. S. Nikam, and P. 

D. Shinde [5] used the Kushare transform to 

obtain the solution of the linear Volterra 

integral equation of the first kind. Fractional 

differential equations and methods of solution 

were well explained by I. Podlubny [6] in 

1988. Puhpam A. E., Lydia S. K. [7] 

introduced the Mahgoub Transform Method 

for Solving Linear Fractional Differential 
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Equations. Aruldoss R., Devi R. A. [8] 

introduced used the Aboodh transform to solve 

fractional differential equations.  

Section 2nd includes some basic definitions 

and related methods to fractional calculus. In 

sections 4th and 5th, we illustrate the 

application of the Kushare transform method 

in solving fractional differential equations to 

derive exact solutions involving Caputo 

derivatives.  

 

2. MATERIAL & METHODS  

2.1 Basic Definitions: 

In this section, we introduce some fundamental 

definitions and properties of fractional calculus 

and Soham transform. 

Definition 1. Caputo Fractional Derivative 

For 𝛼𝜖ℝ, 𝛼 > 0, then Caputo fractional 

derivative of order 𝛼 𝑜𝑓 𝑓(𝑥) is denoted by 

𝐷𝛼  𝑓(𝑥)𝐶   and is defined by 

 

    𝐷𝛼  𝑓(𝑥)𝐶 =
1

⎾(𝑚−𝛼)
∫ (𝑥 − 𝑡)𝑚−𝛼−1𝑓𝑚(𝑡)𝑑𝑡  ,                    𝑥 > 0                                    (1)

𝑥

0
  

Where 𝑚 − 1 ≤ 𝛼 ≤ 𝑚, 𝑚 ∈ 𝑁+ 𝑎𝑛𝑑 ⎾(. ) denotes the Gamma function. 

Definition 2.  Reimann-Liouville Fractional Integral 

 

For 𝑓(𝑥) ∈ 𝐶𝜇, 𝜇 ≥ −1 then the Reimann Liouville fractional integral I of 𝑓(𝑥) of order  

𝛼 ∈ ℝ, 𝛼 > 0 is denoted by 𝐼𝛼𝑓(𝑥) and is defined as  

 

        𝐼𝑥
𝛼[𝑓(𝑥)] =

1

⎾(𝛼)
∫ (𝑥 − 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡  ,                                                                                 (2)

𝑥

𝑎
 

Where  𝑥 > 0 𝑎𝑛𝑑 𝐼0𝑓(𝑥) = 𝑓(𝑥) 

Definition 3. Mittag-Leffler function of one parameter 

For parameters 𝛼, 𝛽 > 0 the Mittag-Leffler function of one parameter 𝛼 is denoted by 𝐸𝛼(𝑥) and 

is defined as 

                      𝐸𝛼(𝑥) =∑
𝑥𝑘

⎾(𝛼𝑘+1)

∞
𝑘=0  ,                                𝛼 > 0, 𝑥 ∈ 𝐶                                         (3)   

and  𝐸𝛼,𝛽(𝑥) is the Mittag-Leffler function with two parameters 𝛼 𝑎𝑛𝑑𝛽 is defined as 

   

         𝐸𝛼,𝛽(𝑥) = ∑
𝑥𝑘

⎾(𝛼𝑘 + 𝛽)

∞

𝑘=0

   ,         𝛼 > 0, 𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0                                      (4)       

Where 𝐶 is the set of complex numbers and the direct generalization of exponential series with 

𝛽 = 1,     we get, 𝐸𝛼,1(𝑥) = 𝐸𝛼(𝑥). 
 

Definition 4.  Kushare Transform 

The Kushare transform is defined as a function of exponential order. We consider functions in the 

set B defined by 

𝐵 = {𝑓(𝑡): ∃𝑀, 𝑘1, 𝑘2 > 0, |𝑓(𝑡)| < 𝑀𝑒|𝑡|𝑘𝑗 , 𝑖𝑓 𝑡 ∈ (−1)𝑗 × [0, ∞)}                           (5) 

For a given function in the set A, the constant M must be a finite number, 𝑘1, 𝑘2 may be finite or 

infinite. 

Kushare transform denoted by the operator 𝑆(𝑣) defined by the integral equations 

                        𝐾[𝑓(𝑡)] = 𝑆(𝑣) =

𝑣 ∫ 𝑓(𝑡)𝑒−𝑣𝛼𝑡𝑑𝑡                                                                      (6)
∞

0
 

Where 𝛼 is nonzero real numbers 𝑡 ≥ 0,     𝑘1 ≤ 𝑣 ≤ 𝑘2 
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Table. Kushare Transform of Some Functions as Follows Kushare Transform of Some Functions 

Sr. No. F(x) 𝜹{𝒇(𝒙)} = 𝑷(𝒗) 

1 1 1

𝑣𝛼−1
 

2 𝑥 1

𝑣2𝛼−1
 

3 𝑥2 2

𝑣3𝛼−1
 

4 𝑥3 6

𝑣4𝛼−1
 

5                      𝑥𝑚, 𝑚 ≥ 0  ⎾(𝑚 + 1)

𝑣𝑚𝛼+𝛼−1
 

6 𝑒𝑎𝑥 𝑣

(𝑣𝛼 − 𝑎)
 

7 sin (𝑎𝑥) 𝑎𝑣

(𝑣2𝛼 + 𝑎2)
 

8 cos (𝑎𝑥) 𝑣𝛼+1

(𝑣2𝛼 + 𝑎2)
 

 

2.2 Kushare Transform for Derivatives of Function 𝒇(𝒙) 

Let 𝐾{𝑓(𝑥)} = 𝑆(𝑣) are: 

(i) 𝐾{𝑓′(𝑥)} = 𝑣𝛼𝑆(𝑣) − 𝑣𝑓(0) 

(ii) 𝐾{𝑓′′(𝑥)} = 𝑣2𝛼𝑆(𝑣) − 𝑣𝛼+1𝑓(0) − 𝑣𝑓′(0) 

(iii) 𝐾{𝑓𝑛(𝑥)} = 𝑣𝑛𝛼𝑆(𝑣) − 𝑣 ∑ 𝑣𝛼(𝑛−𝑘−1)𝑓𝑘(0)𝑛−1
𝑘=0  

 

2.3 Inverse Theorem for Kushare Transform 

Inverse Kushare transform of 𝑓(𝑡) is 𝑆(𝑣) and 𝐾−1 is called the inverse Kushare transform 

operator then inverse Kushare transform is defined as  

𝐾−1[𝑆(𝑣)] = 𝑓(𝑡)                                                                   (10) 

2.4 Lemma 1. Convolution Theorem for Laplace Transform 

. If ℓ{𝑓(𝑡)} = 𝑓(𝑠) and ℓ{g(t)}=g(s), then  

                            ℓ{𝑓(𝑡) ∗ 𝑔(𝑡)} = ℓ{𝑡(𝑡)}ℓ{𝑔(𝑡)} = 𝑓(𝑠)𝑔(𝑠) 

2.5 Lemma 2. Convolution Theorem for Kushare Transform 

Let 𝑓(𝑡) 𝑎𝑛𝑑 𝑔(𝑡) be two functions and 𝐾{𝑓(𝑡)} = 𝐹(𝑣)and 𝐾{𝑔(𝑡)} = 𝐺(𝑣). The convolution 

of 𝑓 𝑎𝑛𝑑 𝑔 denoted by 𝑓 ∗ 𝑔 is  the function on 𝑢 ≥ 0 given by 

𝑓 ∗ 𝑔(𝑡) = ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑑𝑢
𝑥

𝑢=0

 𝑡ℎ𝑒𝑛 𝐾[𝑓 ∗ 𝑔(𝑡)] = 𝑣𝐾[𝑓(𝑡)]𝐾[𝑔(𝑡)]

= 𝑣𝐹(𝑣)𝐺(𝑣)                                                                              (11) 

 

3. RESULTS 

3.1 Theorem 1.  For 𝑚 − 1 < 𝛼 ≤ 𝑚, 𝑚 ∈ 𝑁 and if 𝑆(𝑣) is Kushare transform of 𝑓(𝑡),  then 

Kushare transform of Riemann-Liouville fractional integral of order 𝛼 is  

                                              𝐾[𝐼𝛼𝑓(𝑡)] =
1

𝑣𝑛𝛼 𝑆(𝑣)                                                                  (12) 

Proof:- Suppose the Riemann-Liouville fractional integral of function 𝑓(𝑥) 

   𝐼𝑡
𝛼[𝑓(𝑡)] =

1

⎾(𝛼)
∫ (𝑡 − 𝜏)𝛼−1𝑓(𝜏)𝑑𝜏

𝑡

0

 

                            𝐼𝑡
𝛼[𝑓(𝑡)] =

1

⎾(𝛼)
[𝑡𝛼−1 ∗ 𝑓(𝑡)] 
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Taking Kushare transform to the above equation on both sides, we get, 

                                   𝐾[   𝐼𝑡
𝛼𝑓(𝑡)] = 𝐾 {

1

⎾(𝛼)
[𝑡𝛼−1 ∗ 𝑓(𝑡)]} 

                                                         =
1

⎾(𝛼)
 𝐾[𝑡𝛼−1 ∗ 𝑓(𝑡)] 

By Lemma (2) 

                                                   =
1

⎾(𝛼)

1

𝑣
 𝐾[𝑡𝛼−1] 𝐾[𝑓(𝑡)] 

                                                  =
1

⎾(𝛼)
 
1

𝑣

⎾(𝛼−1+1)

𝑣𝑛𝛼−𝑛+𝑛−1  𝑆(𝑣) 

                                    𝛿[𝐼𝛼𝑓(𝑥)] =
1

𝑣𝑛𝛼 𝑆(𝑣) 

3.2 Theorem 2. For 𝑚 − 1 < 𝛼 ≤ 𝑚, 𝑚 ∈ 𝑁 and if 𝑆(𝑣) is Kushare transform of 𝑓(𝑥), then 

Kushare transform of Caputo 𝛼 fractional derivative of function 𝑓(𝑥) is  

           𝐾[ 𝐷𝛼  𝑓(𝑥)𝐶 ] =
1

𝑣𝑛(𝑚−𝛼)
{𝑣𝑚𝑛𝑆(𝑣) − 𝑣 ∑ 𝑣𝑛(𝑚−1−𝑘)𝑚−1

𝑘=0 𝑓𝑘(0)}                                      (13)    

Proof:- Suppose the Caputo fractional derivative of function 𝑓(𝑥) is 

          𝐷𝛼  𝑓(𝑥)𝐶 = 𝐼𝑚−𝛼𝐷𝑚(𝑥) =
1

⎾(𝑚−𝛼)
∫ (𝑥 − 𝜏)𝑚−𝛼−1𝑓𝑚(𝜏)𝑑𝜏 

𝑥

0
 

Taking the Kushare transform of the above equation on both sides, we get,  

                𝐾[ 𝐷𝛼 𝑓(𝑥)𝐶 ] =
1

⎾(𝑚−𝛼)
 𝐾[𝑥𝑚−𝛼−1 ∗ 𝑓𝑚(𝑥)] 

                                        =
1

⎾(𝑚−𝛼)
 
1

𝑣
 𝐾[𝑥𝑚−𝛼−1] ∗ 𝐾[𝑓𝑚(𝑥)]     

By Lemma (2) 

                             =
1

⎾(𝑚−𝛼)

1

𝑣
 

⎾(𝑚−𝛼−1+1)

𝑣𝑛(𝑚−𝛼−1)+𝑛−1 {𝑣𝑛𝑚𝑆(𝑣) − 𝑣 ∑ 𝑣𝑛(𝑚−1−𝑘)𝑓𝑘(0)𝑚−1
𝑘=0 } 

                              =
1

⎾(𝑚−𝛼)𝑣

⎾(𝑚−𝛼)

𝑣𝑛𝑚−𝑛𝛼−𝑛+𝑛−1  {𝑣𝑛𝑚𝑆(𝑣) − 𝑣 ∑ 𝑣𝑛(𝑚−1−𝑘)𝑓𝑘(0)𝑚−1
𝑘=0 } 

                               =
1

𝑣𝑛(𝑚−𝛼)  {𝑣𝑛𝑚𝑆(𝑣) − 𝑣 ∑ 𝑣𝑛(𝑚−1−𝑘)𝑓𝑘(0)𝑚−1
𝑘=0 }         

                        ∴ 𝐾[ 𝐷𝛼  𝑓(𝑥)𝐶 ] =  
1

𝑣𝑛(𝑚−𝛼) {𝑣𝑛𝑚𝑆(𝑣) − 𝑣 ∑ 𝑣𝑛(𝑚−1−𝑘)𝑓𝑘(0)𝑚−1
𝑘=0 } 

3.3 Theorem 3. If 𝛼, 𝛽 > 0 and the Mittag- Leffler function with two parameters 𝛼  and 𝛽 is 

𝐸𝛼,𝛽(. ) then we have inverse Kushare transform formula is given by 

 𝐾[𝑡𝛽−1𝐸𝛼,𝛽(𝑎𝑡𝛼)] =     
𝑣𝑛𝛼

𝑣𝑛𝛽+1(𝑣𝑛𝛼−𝑎)
                                                                                             (14) 

Proof:- By using the definition of Kushare transform of the function 𝑡𝛽−1𝐸𝛼,𝛽(𝑎𝑡𝛼), we have  

                        𝐾[𝑡𝛽−1𝐸𝛼,𝛽(𝑎𝑡𝛼)] = 𝑣 ∫ 𝑡𝛽−1𝐸𝛼,𝛽(𝑎𝑡𝛼)𝑒−𝑣𝑛𝛼𝑡∞

0
𝑑𝑡 

                                                       = ∑
𝑎𝑘𝑡𝛼𝑘

⎾(𝛼𝑘+𝛽)
𝑣 ∫ 𝑡𝛽−1𝑒−𝑣𝑛𝑡𝑑𝑡

∞

0
∞
𝑘=0  

                                                       = ∑
𝑎𝑘

⎾(𝛼𝑘+𝛽)
𝑣 ∫ 𝑡𝛼𝑘+𝛽−1𝑒−𝑣𝑛𝑡𝑑𝑡

∞

0
∞
𝑘=0  

                                                        = ∑
𝑎𝑘

⎾(𝛼𝑘+𝛽)
 𝐾[𝑡𝛼𝑘+𝛽−1]∞

𝑘=0  

                                                        = ∑
𝑎𝑘

⎾(𝛼𝑘+𝛽)
 

⎾(𝛼𝑘+𝛽)

𝑣𝑛(𝛼𝑘+𝛽−1+1)−1
∞
𝑘=0  

                                                        = ∑
𝑎𝑘

𝑣𝑛𝛼𝑘+𝑛𝛽−1
 ∞

𝑘=0  

                                                        =
1

𝑣𝑛𝛽−1
∑ (

𝑎

𝑣𝑛𝛼)𝑘∞
𝑘=0               (∵ ∑ 𝑎𝑘 =

1

1−𝑎

∞
𝑘=0 ) 

                                                        =
1

𝑣𝑛𝛽−1

1

1−
𝑎

𝑣𝑛𝛼
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                                                       =
𝑣𝑛𝛼

𝑣𝑛𝛽−1(𝑣𝑛𝛼−𝑎)
 

                        ∴ 𝛿[𝑥𝛽−1𝐸𝛼,𝛽(𝑎𝑥𝛼)] =
𝑣𝑛𝛼

𝑣𝑛𝛽+1(𝑣𝑛𝛼−𝑎)
 

Taking inverse Kushare transform on both sides, we get, 

                    𝑥𝛽−1𝐸𝛼,𝛽(𝑎𝑥𝛼) = 𝛿−1 [
𝑣𝑛𝛼

𝑣𝑛𝛽−1(𝑣𝑛𝛼−𝑎)
] 

 

3.4 Applications 

In this section, we establish the Kushare transform method for solving some fractional differential 

equations to obtain exact solutions with Caputo derivatives. 

Example 1. Consider the following linear inhomogeneous equation 

         𝐷𝐶 𝛼𝑦(𝑥) + 𝑦(𝑥) =
2𝑥2−𝛼

⎾(3−𝛼)
−

𝑥1−𝛼

⎾(2−𝛼)
+ 𝑥2 − 𝑥                                                                     (15) 

Subject to the initial condition 𝑦(0) = 0, where 0 ≤ 𝛼 ≤ 1. 
Solution: Applying the Kushare transform to the above equation (15) on both sides, we get,  

 𝐾[ 𝐷𝐶 𝛼𝑦(𝑥) + 𝑦(𝑥)] = 𝐾 [
2𝑥2−𝛼

⎾(3−𝛼)
] − 𝐾 [

𝑥1−𝛼

⎾(2−𝛼)
] + 𝐾[𝑥2] − 𝐾[𝑥] 

By using Lemma (2) to the above equation and using condition we get,  
1

𝑣𝑛(𝑚−𝛼)
{𝑣𝑛𝑚𝑆(𝑣) − 𝑣 𝑣𝑛𝑚−1𝑦(0)} + 𝑆(𝑣) =

2

𝑣3𝑛−𝑛𝛼−1
−

1

𝑣2𝑛−𝑛𝛼−1
+

⎾(3)

𝑣3𝑛−1
−

1

𝑣2𝑛−1
 

                          (𝑣𝑛𝛼𝑆(𝑣) + 𝑆(𝑣)) =
2

𝑣3𝑛−𝑛𝛼−1 +
⎾(3)

𝑣3𝑛−1 −
1

𝑣2𝑛−𝑛𝛼−1 −
1

𝑣2𝑛−1 

                                (𝑣𝑛𝛼 + 1)𝑆(𝑣) = 2 (
1

𝑣3𝑛−𝑛𝛼−1 +
1

𝑣3𝑛−1) − (
1

𝑣2𝑛−𝑛𝛼−1 +
1

𝑣2𝑛−1)     (∵(3) = 2) 

    = 2 (
𝑣𝑛𝛼

𝑣3𝑛−1 +
1

𝑣3𝑛−1) − (
𝑣𝑛𝛼

𝑣2𝑛−1 +
1

𝑣2𝑛−1)                              

                               (𝑣𝑛𝛼 + 1)𝑆(𝑣) = 2 (
𝑣𝑛𝛼+1

𝑣3𝑛+1 ) − (
𝑣𝑛𝛼+1

𝑣2𝑛+1 ) 

                                                  𝑆(𝑣) =
2

𝑣3𝑛+1 −
1

𝑣2𝑛+1 

Applying the inverse of the Kushare transform, we get, 

                                             𝐾−1[𝑆(𝑣)] = 𝐾−1 [
2

𝑣3𝑛+1] − 𝐾−1 [
1

𝑣2𝑛+1] 

                                                 𝑦(𝑥) = 𝑥2 − 𝑥 

Example 2.  Consider the initial value problem of the non-homogeneous Bagley-Torvik equation  

                            𝐷2𝑦(𝑥) + 𝐷𝐶
3

2𝑦(𝑥) + 𝑦(𝑥) = 1 + 𝑥                                                                   (16) 

Subject to the initial conditions 𝑦(0) = 𝑦′(0) = 1. 
Solution: Applying Kushare transform of equation (16) on both sides, we get,  

                    𝐾[𝐷2𝑦(𝑥)] + 𝐾 [ 𝐷𝐶
3

2𝑦(𝑥)] + 𝐾[𝑦(𝑥)] = 𝐾[1 + 𝑥] 

Using theorem (2) we get,  

  (𝑣2𝑛𝑆(𝑣) − 𝑣𝑛+1𝑦(0) − 𝑣𝑦′(0)) + 𝑣
3

2
𝛽𝑆(𝑣) −

𝑣
3
2

𝛽

𝑣𝛽𝑚+1
(𝑣𝛽(𝑚−1)𝑦(0) + 𝑣𝛽(𝑚−2)𝑦′(0)) + 𝑃(𝑣) 

                                                                                               =
1

𝑣𝛽+1 +
1

𝑣2𝛽+1 

(𝑣2𝛽 + 𝑣
3
2

𝛽 + 1) 𝑃(𝑣) − (𝑣𝛽−1 +
1

𝑣
+

𝑣(
3
2

)𝛽

𝑣𝛽+1
+

𝑣(
3
2

)𝛽

𝑣2𝛽+2
) =

1

𝑣𝛽+1
+

1

𝑣2𝛽+1
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(𝑣2𝛽 + 𝑣
3
2

𝛽 + 1) 𝑃(𝑣) = (
1

𝑣𝛽+1
+ 𝑣𝛽−1 +

𝑣(
3
2

)𝛽

𝑣𝛽+1
) + (

1

𝑣2𝛽+1
+

1

𝑣
+

𝑣(
3
2

)𝛽

𝑣2𝛽+2
) 

                                                                  

                                                       ∴ 𝑃(𝑣) =
1

𝑣𝛽+1
+

1

𝑣2𝛽+1
 

Taking the inverse Kushare transform of the above equation on both sides, we get, 

                                     𝐾−1[𝑃(𝑣)] = 𝐾−1 [
1

𝑣𝛽+1] − 𝐾−1 [
1

𝑣2𝛽+1] 

we get, the analytical solution of the above equation is,  

                                                      𝑦(𝑥) = 1 + 𝑥  

 

4. DISCUSSION  

Integral transforms are among the most useful 

techniques in mathematics, employed to find 

solutions to differential equations, partial 

differential equations, integro-differential 

equations, delay differential equations, and 

population growth. Integral transform methods 

are highly effective techniques in mathematics, 

often used to obtain the analytical solution of 

fractional differential equations. Many 

researchers have shown great interest in 

finding numerical solutions to both linear and 

non-linear fractional differential equations. 

The connection of the Kushare transform with 

the Mahgoub, Pourreza, and Elzaki transform 

goes much deeper. In this paper, we also 

discuss the Kushare transform of fractional 

integrals and derivatives and its application of 

the Kushare transform to find the solution of 

fractional differential equation with Caputo 

sense.  

 

5. CONCLUSION 

In this study, the Kushare transform method is 

employed to solve several linear homogeneous 

and non-homogeneous fractional differential 

equations with constant coefficients. Three 

theorems associated with the Kushare 

transform are established. Various examples 

are presented to illustrate the exact solutions of 

fractional differential equations. The results 

indicate that the Kushare transform method is 

an efficient and reliable approach for obtaining 

analytical solutions of fractional differential 

equations with constant coefficients.  
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